Consideration is given to determining the exact natural frequencies and modes of vibration of a class of structures comprising two parallel members with uniform distribution of mass and stiffness, which have independent properties and which are linked to each other, and possibly also to foundations, by uniformly distributed elastic interfaces of unequal stiffness. The formulation is general and applies to any structure in which the motion of the component members is governed by a second order linear differential equation. Closed form solution of the governing differential equations leads either to an exact dynamic stiffness matrix or to a number of exact relationships between the natural frequencies corresponding to coupled and uncoupled motion. An appropriate form of the Wittrick-Williams algorithm is presented for converging on the required natural frequencies to any desired accuracy. Examples are given to confirm the accuracy of the approach and to indicate its range of application.
Introduction
The dynamics of a family of simple, but extremely useful structural elements is governed by a linear second order differential equation. This equation allows for the uniform distribution of mass and stiffness and enables the motion of strings and shear beams, together with the axial and torsional motion of bars to be described exactly. As a result, each member type in this family has been treated exhaustively when considered as a single member or when joined contiguously to others, e.g. Rao [1] . However, when such members are linked in parallel by uniformly distributed elastic interfaces, their complexity becomes significantly more intractable and it is this class of structures that has led to renewed interest and which forms the basis of the work that follows.
Spring-mass systems generally have been at the heart of structural dynamics for many years and their synthesis and analysis has been the subject of considerable interest [2] [3] [4] . Over time, extremely complex systems have evolved and much research effort has been expended. However, relatively little work has been undertaken on the class of structures considered herein. Perhaps most interest has been directed towards double string systems, which have attracted a number of authors [5] [6] [7] [8] , as have the problems associated with the longitudinal motion of spring linked bars [9] [10] [11] [12] , although the torsional vibration problem has seen less activity [13] [14] .
The theory developed in Section 2 of this paper establishes a unified approach to solving the class of spring-linked structures described above. Initially, differential equations governing the coupled motion of the system are developed from first principles. A common solution procedure then leads either to an exact dynamic stiffness matrix (exact finite element) or to a series of exact relational models that link the uncoupled frequencies to the coupled ones that stem from them. Both forms of solution therefore represent alternative ways of implementing precisely the same theory and can be used interchangeably with identical solution accuracy, depending on the most efficient way to solve the problem in hand. A brief assessment of their relative merits is given below.
The exact dynamic stiffness approach enables all the powerful features of the finite element method to be utilized and hence enables structures with piecewise uniform members and distributed elastic connections to be modelled and analysed with nodal masses, cross-stiffnesses, elastic supports and any combination of classical or nonclassical boundary conditions. The corresponding modes of vibration are then easily recovered by any of the well established methods, such as [15] . Furthermore, an appropriate formulation of the Wittrick-Williams algorithm is given, which guarantees that any desired frequency can be calculated to any desired accuracy with the certain knowledge that none have been missed.
The relational approach, on the other hand, enables all the natural frequencies of the coupled system to be determined from a knowledge of any single uncoupled frequency of one of the two component members. Under certain conditions, not considered here, the theory can be extended to cover stepwise uniform members [16] . The approach thus enables 'back of the envelope calculations' to be undertaken quickly and efficiently. In connection with this, it should be noted that the member theory has been developed in the context of two linked shear beams. This leads directly to the possibility of using well established simplification procedures that reduce multi-bay, multi-storey sway frames to equivalent one bay frames and then to simpler global models that can often retain sufficient accuracy for preliminary analysis and design procedures [17] [18] [19] .
Finally it is shown how the presented theory can be extended to cover systems comprising three or four spring-linked parallel members in which the structure modelled is symmetric about an axis parallel to the members. The paper is concluded with a number of examples that confirm the accuracy of the proposed method and indicate its range of application.
Theory

Dynamic stiffness matrix
The equations of motion for the general two member, spring supported system shown in Figure 1 are initially developed in the context of two shear beams. Transformation to other systems, in which the motion of the members is also governed by a second order, linear differential equation is given in the Appendix. The required equations of motion for the system of Figure 1 are then easily shown to be
where q is the shear force, m is the mass / unit length, k is the stiffness / unit length of an elastic interface and the subscripts refer to the respective components shown in Figure 1 . Imposing the assumption of harmonic motion and introducing the non-dimensional parameter, L x / = ξ , the constitutive relationships and Eqs. (1) can be written, respectively, as
and
where
; and for i = 1,2 
where Figure 2 . Positive sign convention for amplitudes of the nodal forces and displacements in (a) local; and (b) member co-ordinates.
The nodal displacements then follow from Eqs. (6)- (8) in the member co-ordinate system of Figure 2 , as follows
which leads to sc d = (10) where
is the unit matrix,
are respectively,
In similar fashion, the general expressions for the corresponding force vector are established by substituting Eqs. (6)- (8) into Eq.(2) to give
where L r α η
The nodal forces then follow from Eqs.(6)- (8) in the member co-ordinate system of Figure 2 , as follows (14) which leads to c s p * = (15) where
and the remaining variables are defined in Eq. (11) above. The member dynamic stiffness matrix can then be developed from Eqs. (10) and (15) as
The symmetric elements of k can be stated symbolically using the normal row and column subscripts as
Since a component member has only one translational degree of freedom at each node, the boundary conditions are easily modelled using lateral springs that offer a complete spectrum of support from free to fully clamped conditions. The stiffness matrix itself can be used in the normal way to form a series of piecewise uniform spring linked structures, for which exact natural frequencies can be converged upon to any required accuracy using the Wittrick-Williams algorithm described in the following Section. The mode shapes then follow directly using any appropriate method, such as that described in [15] .
Formula for the Wittrick-Williams root counting algorithm
The Wittrick-Williams root counting algorithm has been available for well over thirty years and the following formula can be established easily from many sources, such as reference [20] . In the current notation, it states that the number of coupled natural frequencies passed by a trial frequency, * ω , is given by ( )
where α J and β J are given in Table 1 and  }  {K  s is the sign count of the dynamic structure stiffness matrix, which is equal to the number of negative elements on the leading diagonal of the upper triangular matrix obtained from K, when * = ω ω , by the standard form of Gauss elimination without row interchanges. 
It is important to note here that for each of the two members taken in turn, it is easy to show [16] that the relationship between its i-th and (i + p)-th natural frequency is given by 
when the member has fixed / free boundary conditions. In turn these equations lead to the following relationship 
where ω corresponds to the coupled natural frequencies of the system. However, substituting Eqs. (25) 
After some manipulation, the discriminant of Eq.(30) can be written as 
are the two coupled frequencies stemming from the i-th uncoupled frequency of one of the shear beams. Since Eqs. (23) and (24) relate the i-th uncoupled frequency to any other uncoupled frequency, every coupled frequency of the system can be developed from the knowledge of a single uncoupled frequency.
Alternative structural models
It is clear that the theory of the preceding sections can be applied to find the natural frequencies of single and double beam systems merely by assigning appropriate numerical values to the member and spring data. However, the same theory can be extended to cover three and four beam systems when they are symmetric about a parallel East-West axis, since in this case the motion can only be symmetric or antisymmetric about the axis. The required results are thus obtained by considering only the half structure to the north of the axis, imposing firstly symmetric (S) and then anti-symmetric (A) boundary conditions in turn along the axis and in each case assigning appropriate values to certain parameters, as shown in Figure 3 and Table  2 .
(a) (b) Table 2 . Imposed parameter values for solving three and four beam symmetric systems using the theory of Section 2. All parameters retain their original values apart from those defined above.
Examples
Four examples are given that confirm the correctness and accuracy of the approach, while also giving an indication of its range of application.
Example 1
Consideration is given to the problem of two different, but parallel, taut strings of length 1 m that are linked by an elastic interface of stiffness k = 200 N/m per metre length. Five different combinations of mass/unit length and string tension, as defined in Table 3 , are computed using Eq. (18) and the results compared with those of reference [6] in Table 4 . See the Appendix for equivalent string parameters. Table 4 . Comparison between the natural frequencies (rad/sec) given by Onisczcuk [6] and those from the theory presented for the data given in Table 3 . Onisczcuk's result of 221.1 in column 2 should be 222.1 by comparison with the result of Data Set 5, since doubling one member's stiffness and mass leaves the frequency unaltered.
Example 2
This example compares Onisczcuk's results [6] for data set 3 of Table 5 . Comparison of results for data set 3 of Table 3 above. The modal shapes are indicated by S and A, where S = Synchronous and A = Asynchronous. The coupled frequency number is given in brackets and the table clearly shows that the eigenpairs in columns 3 and 4 do not yield sequential coupled frequencies.
Example 3
This example solves the symmetric three beam and four beam systems depicted in Figure 3 . The beam and spring data for both systems are the same and given in Table 6 . These values must be modified according to Table 2 to achieve the required results, which are given in Table 7 . Table 7 . Natural frequencies (rad/sec) for the three and four beam systems shown in Figure 3 , whose data are given in Table 6 . The coupled frequency number is given in brackets.
Example 4
The final example considers the structure indicated in Figure 4 . It comprises a piece-wise uniform, stepped shear beam that is suspended by a stepped elastic interface from a uniform taut string that also carries two point masses. The string is supported at each end by a single nodal spring and across its central portion by an elastic interface. The structure can be envisaged as three collinear segments, each of which can be modelled by an exact finite element developed from Eq. (18) . Once the global dynamic stiffness matrix has been established, the nodal stiffnesses and point masses can be added in the usual way. The data for each segment are given in Table  8 and the first ten natural frequencies of the structure are given in Table 9 . Table 8 . Member and elastic interface data for the structure shown in Figure 4 . Table 9 . The first ten natural frequencies (rad/sec) of the structure shown in Figure 4 .
Summary and Conclusions
Consideration has been given to determining the exact natural frequencies of a class of structures comprising two parallel members with uniform distribution of mass and stiffness, which have independent properties and which are linked to each other, and possibly also to foundations, by uniformly distributed elastic interfaces of unequal stiffness. The approach differs from all previous work in three distinctly different ways. Firstly, it is based on an exact dynamic stiffness approach. This is important because, at the heart of any exact solution procedure for this type of structure, it is necessary to solve a transcendental eigenvalue problem. Currently this can only be achieved exactly by using an exact dynamic stiffness formulation in conjunction with the Wittrick-Williams algorithm, in which the latter enables any required eigenvalue to be converged upon to any desired accuracy with the certain knowledge that none have been missed. Secondly, a comprehensive set of inter-relationships between the natural frequencies of the component elements comprising the structure have been formulated for the first time using a simple and novel procedure. Finally, the theory has been developed in the context of two linked shear beams. This has not been done previously and leads directly to the possibility of using well established simplification procedures that reduce multi-bay, multi-storey sway frames to equivalent one bay frames and then to simpler global models that can often retain sufficient accuracy for preliminary analysis and design procedures.
